Decoherence suppression via environment preparation by Landon-Cardinal, Olivier & MacKenzie, Richard
ar
X
iv
:0
90
8.
09
58
v1
  [
qu
an
t-p
h]
  6
 A
ug
 20
09
UdeM-GPP-TH-09-182
Deoherene suppression via environment preparation
Olivier Landon-Cardinal
1, 2, ∗
and Rihard MaKenzie
1, †
1
Département de physique, Université de Montréal,
C.P. 6128, Su. Centreville, Montréal, QC H3C 3J7 Canada
2
Département IRO, Université de Montréal, C.P. 6128,
Su. Centreville, Montréal, QC H3C 3J7 Canada
(Dated: November 1, 2018)
To protet a quantum system from deoherene due to interation with its environment, we
investigate the existene of initial states of the environment allowing for deoherene-free evolution
of the system. For models in whih a two-state system interats with a dynamial environment, we
prove that suh states exist if and only if the interation and self-evolution Hamiltonians share an
eigenstate. If deoherene by state preparation is not possible, we show that initial states minimizing
deoherene result from a deliate ompromise between the environment and interation dynamis.
PACS numbers: 03.65Yz, 03.67-a, 03.67Pp
Introdution Deoherene provides an elegant frame-
work to explain why an open quantum system oupled
to its environment will exhibit a set of preferred states,
usually ruling out a oherent superposition of arbitrary
states. In [1℄, Zurek showed that even if the superposition
priniple treats all quantum states equally, the intera-
tion between the quantum system and its environment
would selet a restrited number of pointer states (ein-
seletion) and destroy the phase oherene of superpo-
sitions of those pointer states (deoherene). This phe-
nomenon presents a formidable hallenge for suh appli-
ations as quantum omputation. In this simplest model
of deoherene, it was readily realized that initial states
of the environment exist that allow for deoherene-free
unitary evolution of the quantum system. These peu-
liar states were usually negleted on the basis that in
realisti ases, suh highly ordered initial states [. . . ℄ are
unlikely to be relevant [2℄ or beause the environment
self-evolution would prelude suh a unitary evolution [3℄.
In this paper, we investigate the onditions under
whih suh initial states of the environment do exist in a
framework where the quantum system interats with its
environment and the environment also evolves by itself.
The results obtained underline the ruial role of the en-
vironment's self-evolution. The ability to identify and
prepare suh speial initial states ould be used in order
to store quantum states. Indeed, even if the environment
dynamis annot be ontrolled, it might be possible to
prepare it in a spei initial state. However, our results
restrit what an be expeted from suh a tehnique.
More preisely, we obtain a mathematial ondition for
the existene of an initial state allowing deoherene-free
evolution in the presene of an interation Hamiltonian
and a self-evolution of the environment, stated in terms of
the struture of the two Hamiltonians. Next, we analyze
in detail a partiular model, whih is an extension of the
model introdued by Zurek in [1℄. Finally, we assess the
impat of imperfet state preparation and disuss how to
hoose an initial state that minimizes deoherene when
state preparation annot avoid it altogether.
The model We onsider a quantum system S and
its environment E with dynamis desribed by a Hamil-
tonian of the form
H = S ⊗ H˜ + 1⊗HE . (1)
The Hermitian operator S ats in the Hilbert spae of
S, whih we take to be two-dimensional. The quantum
system is thus taken to be a quantum bit (qubit) [4℄. the
Hermitian operators H˜ and HE at in the Hilbert spae
of the environment.
The total Hamiltonian (1) indues pure dephasing and
is typial of a oupling between the system and the en-
vironment that ommutes with the self-evolution of the
system [5℄.
Without loss of generality, we an assume S = σz . Its
eigenstates, of eigenvalues ±1, are written |0〉 and |1〉,
respetively.
Suppose that the global system is in a produt state
at t = 0:
|Ψ(0)〉 = |ψ(0)〉 ⊗ |I〉
where |ψ(0)〉 = a |0〉 + b |1〉 is an arbitrary normalized
pure qubit state. At a later time t, the state evolves to
|Ψ(t)〉 = a |0〉 ⊗ |ε0(t)〉+ b |1〉 ⊗ |ε1(t)〉
where
i
d
dt
|εk(t)〉 = Hk |εk(t)〉 , k = 0, 1, (2)
and where we have dened H0 ≡ HE + H˜ and H1 ≡
HE − H˜ with initial ondition |ε0(0)〉 = |ε1(0)〉 = |I〉.
Sine |Ψ(t)〉 is no longer a produt state in general, the
redued density matrix ρ(t) of the quantum system S no
longer desribes a pure state: the system has deohered.
To quantify this, the o-diagonal elements of ρ(t) in the
basis {|0〉 , |1〉} are redued by a fator
r(t) = 〈ε0(t)|ε1(t)〉.
2Essentially, r(t) quanties how distinguishable the states
|ε0(t)〉 and |ε1(t)〉 are. If they dier only by a phase, i.e.
|r(t)| = 1, they are indistinguishable and the system S
remains in (or has returned to) a pure state. If r(t) = 0,
they an be distinguished with ertainty, deoherene is
omplete, and the state of the quantum system redues
to a statistial mixture |a|2 |0〉 〈0|+ |b|2 |1〉 〈1|. In general,
the system has only undergone partial deoherene and
a straightforward alulation shows that its purity is
P(t) = Trρ2(t) = 1− 2|a|2|b|2(1 − |r(t)|2)
where |r(t)|2 is the Loshmidt eho [6℄.
Thus, a qubit prepared in an arbitrary oherent super-
position of pointer states will remain pure if and only if
the environment an be prepared in a state |I〉 for whih
|r(t)| = 1 for all t (3)
i.e., for whih |ε0(t)〉 and |ε1(t)〉 are the same state up to
a time-dependent phase at all time.
Condition for oherent evolution Given that the state
evolves aording to (2), what an be said of the Hamil-
tonians H˜ and HE in order that for some initial state |I〉,
|ε0(t)〉 and |ε1(t)〉 satisfy the the oherene riterion (3)?
The fator r(t) is given by
r(t) = 〈I| eiH0te−iH1t |I〉 .
Clearly, if |I〉 is an eigenstate of both H0 and H1, then
r(t) is a phase and (3) is satised, so the existene of
a ommon eigenstate of these Hamiltonians (or, equiva-
lently, of H˜ and HE) is a suient ondition. It is also
a neessary ondition, although the state |I〉 itself need
not be a ommon eigenstate. To understand this, write
H0 in terms of its spetral deomposition, with eigenval-
ues {λ
(0)
j } and assoiated projetion operators {Π
(0)
j } (so
that H0 =
∑
j λ
(0)
j Π
(0)
j ), and similarly for H1. Then
r(t) =
∑
j,k
ei(λ
(0)
j
−λ(1)
k
)t 〈I|Π
(0)
j Π
(1)
k |I〉 . (4)
In general, r(t) ontains terms of dierent frequenies.
However, in order for it to remain of unit magnitude for
all t, only one frequeny an appear; all others must be
assoiated with vanishing oeients. The easiest way
for this to our is if |I〉 is a ommon eigenstate of H0
and H1, in whih ase the double sum ollapses to a sin-
gle term. A more general possibility is if |I〉 is a linear
ombination of ommon eigenstates of H0 and H1 orre-
sponding to the same energy dierene. In terms of the
original Hamiltonians H˜ and HE , |I〉 must be a linear
ombination of eigenstates of HE and eah of these must
also be a degenerate eigenstate of H˜ . Stated otherwise,
we must be able to nd a basis in whih H˜ = CM ⊕ H˜
′
andHE = DM⊕H ′E , where CM is anM -dimensional on-
stant matrix (proportional to the identity) and DM is an
M -dimensional diagonal matrix; |I〉 an be any vetor in
the rst M dimensions.
Thus, preparing an initial state of the environment per-
fetly maintaining the oherene of the qubit at all times
an only be done if both the interation Hamiltonian and
the environment self-evolution Hamiltonian exhibit a spe-
i struture, namely they share an eigenstate.
Can we haraterize the rarity of suh pairs among
all pairs of Hamiltonians? From a mathematial point
of view, it an be shown that pairs of Hermitian ma-
tries sharing an eigenstate are a losed set with empty
interior. Intuitively, this implies that pairs of Hermitian
matries with a ommon eigenstate are rare. This onlu-
sion is also supported by the observation that even if both
Hamiltonians share a ommon eigenstate, most perturba-
tions will destroy this property. To see this, suppose that
the Hamiltonians are written in a basis where H˜ is diago-
nal and suppose that only the rst eigenstate is ommon
to both Hamiltonians. Then the rst row and olumn of
HE are zero exept for the (1, 1) element. In order for a
perturbation of HE to preserve the ommon eigenstate, it
(the perturbation) must have the same struture, so the
real dimension of perturbations preserving this struture
is less than the real dimension of all possible perturba-
tions ((N − 1)2 + 1 vs N2).
Notie that if the environment self-evolution Hamilto-
nian HE is zero, any eigenstate of the interation Hamil-
tonian is a suitable initial state. Thus, it is the dynamis
of the environment that usually prevents the existene
of suh an initial state. In the following setion, we will
make this situation expliit by omputing the loss of o-
herene indued by adding dynamis to an otherwise-
stati environment.
Environment evolution as a perturbation In this se-
tion, we onsider a solvable model due to Zurek [1℄ to
whih we add a new term 1 ⊗ HE to provide dynam-
is to an otherwise-stati environment. We onsider the
ase in whih the environment is initially prepared in an
eigenstate of H˜ and show that the self-evolution of the
environment will destroy the oherene of the system. In
this model, the environment onsists of n spin-1/2 par-
tiles. The dimension of the environment Hilbert spae
is N = 2n. Every partile of the environment interats
with the system through a σzσz interation. The eigen-
states of the Pauli matrix σzk ating on the k
th
spin are
{|0〉k , |1〉k}. The strength of the interation between the
system and the kth spin of the environment is measured
by a oupling onstant gk ∈ R. Thus, the Hamiltonian is
H = σzS ⊗
n∑
k=1
gkσ
z
k. (5)
The eigenstates of H˜ =
∑n
k=1 gkσ
z
k are the states in
whih the kth spin of the environment is in an eigen-
state of σzk, i.e., the states |x〉 =
⊗n
k=1 |xk〉k where all
xk ∈ {0, 1}. A onvenient way to order these states is to
3onsider that x is a number between 0 and N−1 of whih
the binary representation is x = x1x2 . . . xn. Thus,
∀x ∈ {0, 1}n H˜ |x〉 = ωx |x〉
where ωx =
∑n
k=1(−1)
xkgk. Throughout this setion, we
will assume that the oupling onstants {gk} are hosen
so that the eigenvalues ωx are distint.
Figure 1: Deoherene model with dynamial environment
So far, the spins of the environment do not interat
with eah other; thus, preparing the environment in any
state |x〉, being an eigenstate of H˜ , will give rise to o-
herent evolution of the system. We will now add a self-
evolution of the environment of the form
HE = λ
∑
x,y∈{0,1}n
|x〉 〈y|
where λ ∈ R is a perturbation parameter. This
Hamiltonian is proportional to the projetor on |Φ〉 =
1√
N
∑
x∈{0,1}n |x〉 =
⊗n
k=1 |+k〉 〈+k|, where |+k〉 =
1√
2
|0k〉+
1√
2
|1k〉:
HE = λN |Φ〉 〈Φ| .
Clearly, the interation and the environment Hamiltoni-
ans do not share a ommon eigenstate beause all eigen-
states of H˜ have a small overlap with |Φ〉.
Suppose that the environment is prepared in the state
|0〉 =
n⊗
k=1
|0〉k (6)
whih is an eigenstate of H˜ with eigenvalue ω0.
Let us ompute the deoherene fator r(t) for this
initial state of the environment. Standard perturbation
theory for λ≪ minx,y∈{0,1}n |ωx − ωy| shows that
|r(t)|2 = 1− 16λ2
∑
x 6=0
sin4
(
Ex−E0
2 t
)
(ω0 − ωx)
2 .
The time average of this quantity is given by
|r(t)|2 = 1− 6λ2
∑
x 6=0
1
(ω0 − ωx)2
.
Therefore, the time average is redued by a fator propor-
tional to
∑
x 6=0
1
(ω0−ωx)2 , whih haraterizes the density
of energy levels near the unperturbed energy level.
Imperfet preparation of the environment Suppose
now that the ondition for oherent evolution in the orig-
inal model (1) is satised, so that there is at least one
state for whih the time evolution preserves the oherene
of the system S. We have assumed impliitly our ability
to prepare perfetly the initial state of the environment.
Notie that this strong assumption is nonetheless weaker
than requiring ontrol over the environment dynamis
at all times. The interest of preparing the environment
has already been studied from both a theoretial [7℄ and
an experimental [8℄ point of view. However, preparing
the environment in a given initial state is a diult task
whih might only be ahieved partially. Let us give a
simple example in the ase of Zurek's model (5). When
trying to prepare the state (6), the goal is to prepare
all spins in the state αk |0〉k + βk |1〉k with αk = 1 and
βk = 0. Suppose that we are only able to ensure that
|βk|
2 ≤ ε ≪ 1 for all k, i.e., all spins of the environment
are prepared with a small error. In that ase, the average
value |r(t)|2 is bounded by
|r(t)|2 ≥
(
(1− ε)2 + ε2
)n ε≪1
−→ 1− 2nε
whih is attained if |βk|
2 = ε for all k. Thus, for small
independent errors on eah of the n spin of the environ-
ment, the oherene loss is proportional to n. This par-
tiular example indiates that even if an initial state al-
lowing for deoherene-free evolution exists, the diulty
to prepare it will grow with the size of the environment,
as one would expet intuitively.
Imperfet ontrol of the environment We now address
a situation whih is in a sense opposite to the one just
onsidered. Rather than having perfet ontrol over the
dynamis (so that a ommon eigenstate of H˜ and HE an
be made to exist) but an imperfet ability to prepare the
initial state, suppose that we an prepare perfetly any
state we wish but that no suh ommon eigenstate ex-
ists. Given that the oherene of S annot be preserved,
is there an optimal hoie of initial state, that is, one
for whih the ensuing deoherene is in some sense min-
imized? To address this question, we must rst speify
what we mean by optimal. Do we wish to minimize aver-
age deoherene, in whih ase we would not see" brief
but signiant drops in the oherene? Alternatively, do
we wish to minimize the maximum deoherene, in whih
ase a signiant drop in oherene will make a state ap-
pear to be a bad hoie, even though it may be good
on average. In the following we will adopt this latter
riterion.
It is somewhat easier to use the ombinations H0,1
rather than H˜ and HE . We wish to nd the state |I〉
for whih the minimum value of |r(t)| is maximal, in the
ase where several frequenies are present in the sum (4).
The general ase appears diult to analyze, but one
might expet that the best hoie of |I〉 is an eigenstate
of one of the two Hamiltonians and a ombination of two
4eigenstates of the other Hamiltonian. For instane, if
Π
(0)
1 |I〉 = (Π
(1)
1 +Π
(1)
2 ) |I〉 = |I〉, then (4) beomes
r(t) = eiλ
1
1t
(
e−iλ
2
1t 〈I|Π
(1)
1 |I〉+ e
−iλ22t 〈I|Π(1)2 |I〉
)
and
|rmin| = | 〈I|Π
(1)
1 |I〉 − 〈I|Π
(1)
2 |I〉 |.
This expetation turns out not to be the best hoie, in
general. To see this, we examine the simplest example in
whih no ommon eigenstate exists, namely, an environ-
ment onsisting of a single qubit with H0,1 desribing its
interation with non-parallel magneti elds of the same
intensity. Let the preession frequeny be ω and let the
diretion of the magneti elds orresponding to H0 and
H1 be mˆ0 = (sinα, 0, cosα) and mˆ1 = (− sinα, 0, cosα),
with 0 < α < pi/2, respetively. The initial state an
be taken to be a spin aligned along a third diretion,
vˆ = (sin θ cosφ, sin θ sinφ, cos θ), say. Its evolution a-
ording to eah of the Hamiltonians is simple: the spin
preesses around mˆi with frequeny ω so |εi(t)〉 = |vˆi(t)〉
where vˆi(t) is vˆ rotated about mˆi by angle ωt. Then
r(t) = 〈ε0(t)|ε1(t)〉 and |r(t)| = cos(γ(t)/2), where γ(t)
is the angle between vˆ0(t) and vˆ1(t). Thus we would like
to nd the vetor vˆ for whih the maximum angle be-
tween vˆ0(t) and vˆ1(t) as they preess is minimized. If,
as was onjetured above, we hoose vˆ = mˆ0, then it is
easy to see that the maximum angle is the lesser of 4α
and 2pi − 4α, reahed after half a preession. Although
it is surprisingly diult to nd this maximum angle for
an arbitrary vˆ, the optimal hoie turns out to depend
on the angle α as indiated in gure 2.
Figure 2: Numerial results
If α ≤ pi/3, it is best to hoose vˆ = yˆ. perpendiular
to mˆ0 and mˆ1, resulting in γmax = 2α (attained after a
quarter-rotation) and
|rmin| = cosα.
If α ≥ pi/3, an optimal hoie is vˆ ollinear with mˆ0
(or mˆ1), resulting in γmax = 2pi − 4α (attained after a
half-rotation) and
|rmin| = cos(pi − 2α).
Thus, the optimal value of |rmin| is lose to unity if the
diretions of the two magneti elds are almost parallel.
More surprising is the fat that the best hoie of initial
state is far from what one would naively have guessed.
In the ase in whih α ≤ pi/3, the optimal hoie is vˆ =
yˆ, whih does not orrespond to an eigenstate of either
Hamiltonian.
To sum up, two regimes emerge. On the one hand,
for α > pi/3, the system-environment interation prevails
whereas the self-evolution of the environment is only a
perturbation. In this regime, the system and the en-
vironment play symmetri roles. Reduing deoherene
in this ase boils down to minimizing the entanglement.
The optimal initial states are thus the pointer states of
the environment, i.e. the eigenstates of H˜ . On the other
hand, for α < pi/3, the self-evolution Hamiltonian HE
dominates over the interation Hamiltonian H˜. However,
the evolution of the quantum system relies essentially on
the interation. Thus, for the evolution of the system,
H˜ , no matter how small, annot be onsidered a pertur-
bation with respet to HE . In that ase, the evolution of
the environment is dominated by its own dynamis but
the impat on the quantum system is mediated by the in-
teration Hamiltonian. Hene, nding an analytial ri-
terion haraterizing an initial state of the environment
that optimally limits the subsequent deoherene of the
system remains an unresolved hallenge.
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